In this paper, we apply critical point theory and variational methods to study the multiple solutions of boundary value problems for an impulsive fractional differential equation with p-Laplacian. Some new criteria guaranteeing the existence of multiple solutions are established for the considered problem.
Introduction and main results
Considering the following impulsive fractional differential equations: The main classical techniques to study fractional differential equations are degree theory, the method of upper and lower solutions, and fixed point theorems. For some related work on the theory and application of fractional differential equations, we refer the interested reader to [-] and the references therein.
u(t)) + |u(t)| p- u(t) = f (t, u(t)),  < t < T, t = t j , ( t D
In recent years, variational methods and critical point theory have already been applied successfully to investigate the existence of solutions for nonlinear fractional boundary value problems [-] . By establishing a corresponding variational structure and using the Mountain Pass theorem, the authors [] first dealt with the existence of solutions for a class of fractional boundary value problems. Since then the variational methods are applied to discuss the existence of solutions for fractional differential equations. The literature on this approach has been extended by many authors as [-] . Moreover, the pLaplacian introduced by Leibenson (see [] ) often occurs in non-Newtonian fluid theory, nonlinear elastic mechanics and so on. Note that, when p = , the nonlinear and 
where λ, μ ∈ (, +∞) are two parameters. By applying the critical point theorem and variational methods, they obtained the existence results of at least one and three solutions for problem (.). In [] , the authors considered a class of nonlinear impulsive fractional differential systems including Lipschitz continuous nonlinear terms. Under suitable hypotheses and by applying variational methods, they obtained some new criteria guaranteeing that the studied systems have at least two nontrivial and nonnegative solutions. Furthermore, under appropriate hypotheses and by applying Morse theory coupled with local linking arguments, Zhao et al. [] obtained the existence of at least one nontrivial solution for problem (.), in the case λ = μ = .
Motivated by the described work, our goal is to apply variational methods to problem (.) and prove the existence of weak solutions under some suitable assumptions. With the impulsive effects and p-Laplacian operator taken into consideration, the corresponding variational functional ϕ will be more complicated. To the best of our knowledge, with exception of [] , little work is done on the existence and multiplicity of solutions for impulsive fractional differential problems with p-Laplacian by using variational methods. The main results of this paper are different from the aforementioned results, and extend the recent results studied in [, , -] in the sense that we deal with the case p = . The effectiveness of our results is illustrated by some examples.
In this paper, we need the following assumptions on the nonlinearity f and the impulsive terms I j :
(H) There exists a constant μ > p such that
(H) There exist constants δ j >  such that
where j = , . . . , m. Here are our main results. The rest of this paper is organized as follows. In Section , we present some basic definitions, lemmas and a variational setting. In Section , we give the proofs of our main results.
Variational setting and preliminaries
To apply critical point theory to discuss the existence of solutions for problem (.), we present some basic notations and lemmas and construct a variational framework, which will be used in the proof of our main results.
Suppose that X is a real Banach space and the functional φ : X → R is differentiable. The functional φ satisfies the Palais-Smale condition if each sequence {u n } in the space X such that {φ(u n )} is bounded and lim n→∞ φ (u n ) =  admits a convergent subsequence. 
Then there exists a critical point u of φ, i.e., φ (u) = , with
Obviously, if either u  or u  is a critical point of φ then one obtains the existence of at least two critical points for φ. 
Definition . For α > , the left and right Caputo fractional derivatives of order
When α = , we obtain from Definitions . and
, with respect to the following norm: 
where
is a positive constant, and if
Definition . Let AC([, T]) be the space of absolutely continuous functions on [, T].
A function
exist and satisfy the impulsive conditions of (.), and boundary condition u() = u(T) =  holds.
Definition . We say that a function u ∈ E
α,p is a weak solution of problem (.), if the following identity:
In order to study problem (.), we define the functional ϕ : E α,p → R by putting
It is clear that ϕ is continuous and differentiable at any u ∈ E α,p and
for any v ∈ E α,p . Moreover, the critical point of ϕ is a weak solution of (.).
Proposition . For any u, v ∈ E α,p , the following identity holds:
This completes the proof.
Proposition . If the function u ∈ E α,p is a weak solution of (.), then u is a classical solution of (.).
Proof By standard arguments, if u is a classical solution of (.), then u is a weak solution. Conversely, if u ∈ E α,p is a weak solution of (.), then by the definition of a weak solution, (.) holds for any v ∈ E α,p . For j ∈ {, . . . , m} we choose a function v ∈ E α,p with v(t) = 
t, u(t) v(t) dt
and t j+ t j c  D α t u(t) p- c  D α t u(t) c  D α t v(t) dt = t j+ t j t D α T c  D α t u(t) p- c  D α t u(t) v(t) dt < ∞, (  .  ) which implies t D α T p c  D α t
u(t) + u(t) p- u(t) = f t, u(t) (.) for almost every t ∈ (t j , t j+ ). Since u ∈ E α,p ⊆ C([, T]), one has
. . , m and u satisfies the first equation of (.) for almost every
. Hence the following limits:
exist.
Now multiplying (.) by v ∈ E α,p , v(T) =  and integrating between  and T, we have
) for every j = , . . . , m. So u satisfies the impulsive conditions of problem (.). Similarly, u satisfies the boundary conditions. Therefore, u is a classical solution of (.).
Proof of main results
In this section, we will study the existence and multiplicities of problem (.). First, we give a Lemma. 
Lemma . Assume that (H) and
which implies that ϕ is weakly sequentially lower semi-continuous. We will verify that ϕ satisfies the Palais-Smale condition. Assume that {u k } k∈N ⊂ E α,p is a sequence such that {ϕ(u k )} k∈N is bounded and lim k→∞ ϕ (u k ) = . We firstly prove that {u k } k∈N is bounded in E α,p . Obviously, there exists a constant c >  such that
Then we have
From condition (H), we have
which together with (.), (.) and the condition (H) makes
Since E α,p is a reflexive Banach space, going if necessary to a subsequence, we can assume
Notice that
which together with (.) and (.) yields
From the well-known inequality (see [] , Lemma .)
for all x, y ∈ R. Then there exist constants c i >  (i = , , , ) such that
When  < p < , by the Hölder inequality, we have
From (.) and (.), we have
It follows from (.) and (.) that
When  < p < , by (.) and (.), we get
When p ≥ , in view of (.) and (.), we have
where M  = min{c  , c  }. Therefore, it follows from (.), (.) and (.) that 
Since r is a closed convex set, we have {v n } ⊆ r and u ∈ r . From Lemma . we know that ϕ is weakly sequentially lower semi-continuous on r . Besides, E α,p is a reflexive Banach space, so by Lemma . we see that ϕ has a local minimum u  ∈ r . Without loss of generality, we assume that ϕ(u  ) = min{ϕ(u) : u ∈ r }. Now we will prove that ϕ(u  ) ≤ inf{ϕ(u) : u ∈ r } for some r = r  . Indeed, from (H) we may choose r  , ε >  satisfying
For every u ∈ ∂ r  with u E α,p = r  , from (.), (.), (.), (H) and (.) we have
Step II: We will verify that there exists u  with
In view of (H), we choose a sufficiently large r  such that for all
From (H), we have the following:
Integrating (.) and (.) from T to u and u to -T, respectively, we get
Note that T  I j (s) ds <  and -T  I j (s) ds < . We take
and we get
Combining (.) and (.), we get
For any u ∈ E α,p with u = , τ > , it follows from (.) and (.) that
as τ → ∞, where K * is a positive constant. So there exists a sufficiently large τ  such that ϕ(τ  u) ≤ . That is to say, we can choose u  with u  E α,p ≥ r  sufficiently large such that ϕ(u  ) < . Therefore, from
Step I and
Step II we get max{ϕ(u  ), ϕ(u  )} < inf{ϕ(u) : u ∈ ∂ r  }. Then Lemma . admits the critical point u * . So, u  and u * are two different critical points of ϕ, and they are weak solutions of (.). . Then by simple computation, the conditions in Theorem . are satisfied. Hence, problem (.) has infinitely many weak solutions.
Conclusion
In this paper, we have proved the existence and multiplicity of the solutions for an impulsive fractional differential equation with p-Laplacian operator. Our approach is based on the well-known mountain pass theorem and minimax methods in critical point. With the impulsive effects and p-Laplacian operator taken into consideration, the corresponding variational functional is more complicated. Therefore, the existence of solutions for impulsive fractional differential problems with p-Laplacian is interesting. As applications, two examples are presented to illustrate the main results. In the future, we will consider the existence of solutions for the impulsive fractional differential equation with p-Laplacian via Morse theory.
